We calculate the cross section of J/ψ plus jet associated production in ep deepinelastic scattering within the factorization formalism of nonrelativistic quantum chromodynamics. Our analytic results disagree with previous analyses, both for the colour-singlet and colour-octet channels. Our theoretical predictions agree reasonably well with recent data taken by the H1 Collaboration at DESY HERA, significantly better than those obtained within the colour-singlet model.
Introduction
Since its discovery in 1974, the J/ψ meson has provided a useful laboratory for quantitative tests of quantum chromodynamics (QCD) and, in particular, of the interplay of perturbative and nonperturbative phenomena. The factorization formalism of nonrelativistic QCD (NRQCD) [1] provides a rigorous theoretical framework for the description of heavyquarkonium production and decay. This formalism implies a separation of short-distance coefficients, which can be calculated perturbatively as expansions in the strong-coupling constant α s , from long-distance matrix elements (MEs), which must be extracted from experiment. The relative importance of the latter can be estimated by means of velocity scaling rules, i.e. the MEs are predicted to scale with a definite power of the heavy-quark (Q) velocity v in the limit v ≪ 1. In this way, the theoretical predictions are organized as double expansions in α s and v. A crucial feature of this formalism is that it takes into account the complete structure of the QQ Fock space, which is spanned by the states n = 2S+1 L would be to require that the photon virtuality Q 2 be sufficiently large [11] . However, then also the bulk of the nondiffractive signal would be sacrificed.
The leading CS ME of the J/ψ meson is O ψ 3
S
(1) 1
, its leading CO ones are , with J = 0, 1, 2. At LO, we are thus led to consider the partonic subprocesses e + a → e + cc[n] + a, where a = g, q, q and n =
J . Here, q runs over the light-quark flavours u, d, and s. Notice that e + q(q) → e + cc + q(q) is forbidden because the charm-quark line is connected to one gluon, which transfers colour to the cc pair. Representative Feynman diagrams are depicted in Fig. 1 . The corresponding cross sections are of O(α 2 α 2 s ). There are several motivations for our study of e + p → e + J/ψ + j + X in DIS. For one thing, the H1 Collaboration measured various distributions of this process at DESY HERA [12, 13, 14] , which wait to be confronted with appropriate theoretical predictions. This allows for a particularly clean test of the NRQCD factorization hypothesis, since the large photon virtuality Q 2 ensures that perturbative QCD is applicable and that the resolved-photon contribution, which suffers from our imperfect knowledge of the parton density functions (PDFs) of the photon, is greatly suppressed. Furthermore, at least within the CSM, this process provides a good handle on the gluon PDF of the proton, which is less precisely known than the quark ones. In NRQCD, however, the extraction of the gluon PDF is somewhat aggravated by the presence of the CO channels with a quark or antiquark in the initial state and by the uncertainties associated with the CO MEs. Fortunately, detailed inspection reveals that the relative importance of the quarkand antiquark-induced channels is greatly damped in the HERA regime. We return to this point at the end of Section 3.
On the other hand, in the case of J/ψ inelastic photoproduction, with Q 2 ≈ 0, NRQCD with CO MEs tuned [5] to fit the Tevatron data [6] predicts [15, 16] at leading order (LO) a distinct rise in cross section as z → 1, which is not observed by the H1 [17] and ZEUS [18] Collaborations at HERA. This CO charmonium anomaly has cast doubts on the validity of the NRQCD factorization hypothesis, which seems so indispensible to interpret the Tevatron data in a meaningful way. Although there are several interesting and promising ideas how to reconcile this data with the NRQCD prediction, e.g. by including dominant higher-order effects [19] , by introducing nonperturbative shape functions that resum higher-order corrections related to the kinematics of soft-gluon radiation and to the difference between the partonic and hadronic phase spaces [20] , or by endowing the partons inside the proton with intrinsic transverse momentum (k T ) [21] , it is of great interest to find out if this anomaly persists, at LO and without resorting to shape functions or k T effects, if Q 2 is increased to large values. On the theoretical side, the cross sections of the partonic subprocesses under consideration here constitute an essential ingredient for the calculation of the next-to-leading-order (NLO) corrections to the inclusive cross section of the reaction e + p → e + J/ψ + X in DIS, which, at LO, proceeds through the partonic subprocesses e + g → e + cc[n]
J . The cross sections of the latter are of O(α 2 α s ) and may be found in Eq. (3) of Ref. [22] . In fact, integrating over the phase space of the massless final-state parton a, one obtains the real radiative corrections. If a = g and n =
J , then they suffer from both infrared (IR) singularities and collinear ones associated with the incoming gluon. The latter are factorized, at some factorization scale M, and absorbed into the bare gluon PDF of the proton, so as to render it renormalized. The IR singularities cancel when the real radiative corrections are combined with the virtual ones. Finally, the ultraviolet (UV) radiative corrections contained in the latter are removed by renormalizing the couplings, masses, wave-functions, and non-perturbative MEs appearing in the LO cross section of e + p → e + J/ψ + X.
Finally, the literature contains mutually inconsistent formulas for the cross section of the CS partonic subprocess e + g → e + cc + g [23, 24, 25, 26, 27] . On the other hand, there is only one paper specifying analytic results for the cross sections of the CO partonic subprocesses enumerated above [27] , so that an independent check seems to be in order. We anticipate that we disagree with all published CS and CO formulas, except with the one referring to e + g → e + cc
. This paper is organized as follows. In Section 2, we present, in analytic form, the cross sections of the partonic subprocesses e + a → e + cc[n] + a enumerated above to LO in NRQCD and explain how to calculate from them the total cross section of e + p → e + J/ψ + j + X in DIS and several distributions of phenomenological interest. Lengthy expressions are relegated to the Appendix. In Section 3, we present our numerical results and compare them with recent H1 data [12] . Our conclusions are summarized in Section 4.
Analytic results
In this section, we present our analytic results for the cross section of e+p → e+J/ψ+j+X in DIS. We work at LO in the parton model of QCD with n f = 3 active quark flavours and employ the NRQCD factorization formalism [1] to describe the formation of the J/ψ meson. We start by defining the kinematics. As indicated in Fig. 2 , we denote the fourmomenta of the incoming lepton and proton and the outgoing lepton, J/ψ meson, and jet by k, P , k ′ , p ψ , and p ′ , respectively. The parton struck by the virtual photon carries four-momentum p = xP . We neglect the masses of the proton, lepton, and light quarks, call the one of the J/ψ meson M ψ , and take the charm-quark mass to be m c = M ψ /2. In our approximation, the proton remnant X has zero invariant mass, M 2 X = (P − p) 2 = 0. The CM energy square of the ep collision is S = (k + P )
2 . The virtual photon has fourmomentum q = k −k ′ , and it is customary [28] to define Q 2 = −q 2 > 0 and y = q · P/k · P , which measures the relative lepton energy loss in the proton rest frame. The inelasticity variable, which was already mentioned in the Introduction, is defined as z = p ψ · P/q · P . The system X ′ consisting of the jet j and the proton remnant X has invariant mass square M 2
Other frequently employed variables [28] are Bjorken's variable x B = Q 2 /(2q · P ) = Q 2 /(yS) and the γ ⋆ p CM energy square
As usual, we define the partonic Mandelstam variables aŝ
By four-momentum conservation, we haveŝ +t +û = M 2 ψ − Q 2 . In the γ ⋆ p CM frame, the J/ψ meson has transverse momentum and rapidity
respectively. Here and in the following, we denote the quantities referring to the γ ⋆ p CM frame by an asterisk. The second term on the right-hand side of Eq. (2) originates from the Lorentz boost from the γ ⋆ a CM frame to the γ ⋆ p one. Here, y ⋆ ψ is taken to be positive in the direction of the three-momentum of the virtual photon, in accordance with the convention of Refs. [12, 13, 14] .
In the parton model, the proton is characterized by its PDFs f a/p (x, M), and, at LO, an outgoing parton may be identified with a jet. Thus, we have
where a = g, u, u, d, d, s, s. Furthermore, according to the NRQCD factorization formalism, we have
where, to LO in v, n =
J . Decomposing the transition-matrix element of the partonic subprocess e + a → e + cc[n] + a into a leptonic part,
, and a hadronic one,
, from which the virtual-photon leg is amputated, we can write its cross section as
where
are the colour multiplicities of the partons a, e is the electron charge magnitude, and the hadronic tensor H µν is obtained by summing the absolute square of T µ (γ ⋆ + a → cc[n] + a) over the spin and colour states of the incoming and outgoing partons a. Here and in the following, we employ the Lorentzinvariant phase-space measure
The first factor in Eq. (5) stems from the flux and the second one from the average over the spin and colour states of the incoming particles. Integrating over the azimuthal angle of the outgoing lepton, we may simplify Eq. (5) to become
where α = e 2 /(4π) is Sommerfeld's fine-structure constant and [29]
with
is the leptonic tensor. We have
is the polarization tensor of an unpolarized spin-one boson with mass q 2 . In the γ ⋆ a CM frame, where
T and ǫ µν L refer to transverse and longitudinal polarization, as indicated by their subscripts. Since the hadronic current is conserved in QED, we have q µ H µν = 0, which leads to a further simplification as Eq. (8) is inserted in Eq. (7).
It is interesting to study the photoproduction limit, by taking Q 2 → 0 in Eq. (7). This provides us with a powerful check for our results by relating them to well-known results in the literature [2, 9, 16] . The differential cross section of the partonic process
Comparing Eqs. (7) and (11), we thus obtain the master formula
A similar relationship between the DIS process e + p → e + J/ψ + X and the photoproduction one γ + p → J/ψ + X may be found in Eq. (4) of Ref. [22] . We evaluate the cross sections of the relevant partonic subprocesses e+a → e+cc[n]+a from Eq. (7) applying the covariant-projector method of Ref. [30] . Our results can be written in the form
, and L a [n] are functions ofŝ,t,û, and Q 2 , which are listed in the Appendix. They are finite for Q 2 = 0. We combined the results for n = 3 P
J , with J = 0, 1, 2, exploiting the multiplicity relation
which follows to LO in v from heavy-quark spin symmetry. We recover the well-known cross sections of the corresponding CS [2] and CO [9, 16] processes of photoproduction by inserting Eq. (13) in Eq. (12), as
At this point, we should compare our analytic results with the literature. Formulas for the cross section of the CS partonic subprocess e + g → e + cc + g may be found in Refs. [23, 24, 25, 26, 27] . In Ref. [27] , also cross section formulas for the CO partonic subprocesses e + a → e + cc[n] + a with a = g, q, q and n
J are listed. We agree with the result for e + g → e + cc
, but we disagree with all the other results. In particular, the results of Refs. [23, 25] and the residual results of Ref. [27] fail to reproduce the well-established formulas of Refs. [2, 9, 16] in the photoproduction limit. We also remark that Eqs. (A21) and (A35)-(A37) of Ref. [27] suffer from mass-dimensional inconsistencies. Furthermore, we only find agreement with the result in Eq. (4) of Ref. [24] if we flip the overall sign of L a [n] in Eq. (13) . However, this causes the cross section in Eq. (13) to turn negative in certain regions of phase space, e.g. at y = 0.5, Q 2 = 25 GeV 2 , s = 100 GeV 2 , andt = −10 GeV 2 . Similarly, we only agree with the result in Eq. (2.49) of Ref. [26] if we include an overall factor of 4πα on the right-hand side of Eq. (13) and halve L a [n]. As for the cross sections of the CO partonic subprocesses e + g → e + cc[n]
J , which do not enter our analysis, we agree with Eq. (3) of Ref. [22] . The cross sections of e + g → e + cc[n] + g with n =
exhibit collinear singularities in the limitt → 0. According to the factorization theorem of the QCDimproved parton model, the limiting expressions must coincide with the e + g → e + cc[n] cross sections [22] multiplied by the spacelike g → g splitting functions. This provides another nontrivial check for our results, and, among other things, this fixes the overall factor of L a [n].
Inserting Eq. (4) in Eq. (3) and including the maximum boundaries of the integrations over x andt, we obtain
where d 3 σ/dy dQ 2 dt (e + a → e + cc[n] + a) is given by Eq. (13) . The kinematically allowed ranges of y and Q 2 are M 2 ψ /S < y < 1 and 0 < Q 2 < yS − M 2 ψ , respectively. In order to avoid the collinear singularities mentioned above, we need to reduce the upper boundary of thet integration in Eq. (16) . This cut-off should, of course, depend on variables that can be controlled experimentally. It is convenient to introduce an upper cut-off, below unity, on the inelasticity variable z. As explained in the Introduction, such a cut-off also suppresses the diffractive background. The distributions in y and Q 2 can be evaluated from Eq. (16) as it stands. It is also straightforward to obtain the distributions in z, x B , W , p ⋆ T , and y ⋆ ψ , by accordingly redefining and reordering the integration variables in Eq. (16) . The distribution in the J/ψ azimuthal angle φ ⋆ in the γ ⋆ p CM frame is constant. The evaluation of the distributions in the J/ψ transverse momentum p T , rapidity y ψ , and azimuthal angle φ in the HERA laboratory frame is somewhat more involved. Choosing a suitable coordinate system in the γ ⋆ p CM frame, we have
where cos
and m
2 is the J/ψ transverse mass. On the other hand, in the laboratory frame, we have
where E e and E p are the lepton and proton energies, respectively, E
T is the J/ψ transverse mass. Notice that y ψ is taken to be positive in the direction of the three
Having obtained p ⋆ T , we can then evaluate y ⋆ ψ from Eq. (20) . For the reader's convenience, we collect the relevant formulas here:
Numerical results
We are now in a position to present our numerical results. We first describe our theoretical input and the kinematic conditions. We use m c = (1.5 ± 0.1) GeV, α = 1/137.036, and the LO formula for α (n f ) s (µ) with n f = 3 active quark flavours [28] . As for the proton PDFs, we employ the LO set by Martin, Roberts, Stirling, and Thorne (MRST98LO) [31] , with asymptotic scale parameter Λ (4) = 174 MeV, as our default and the LO set by the CTEQ Collaboration (CTEQ5L) [32] , with Λ (4) = 192 MeV, for comparison. The corresponding values of Λ (3) are 204 MeV and 224 MeV, respectively. We choose the renormalization and factorization scales to be µ = M = ξ Q 2 + M 2 ψ and vary the scale parameter ξ between 1/2 and 2 abound the default value 1. We adopt the NRQCD MEs from Table I of Ref. [10] . Specifically, they read O 
The corresponding values for set CTEQ5L are (1.4 ± 0.1) GeV 3 , (3.9 ± 0.7) × 10 −3 GeV 3 , and (6.6 ± 0.7) × 10 −2 GeV 3 , respectively. Since Eq. (16) In order to estimate the theoretical uncertainties in our predictions, we vary the unphysical parameters ξ and κ as indicated above, take into account the experimental errors on m c and the default MEs, and switch from our default PDF set to the CTEQ5L one, properly adjusting Λ (3) and the MEs. We then combine the individual shifts in quadrature.
The H1 data on J/ψ inclusive and inelastic production in DIS [12, 13] were taken in collisions of positrons with E e = 27.5 GeV and protons with E p = 820 GeV in the HERA laboratory frame, so that √ S = 2 E e E p = 300 GeV, and they refer to the kinematic region defined by 2 < Q 2 < 80 GeV 2 , 40 < W < 180 GeV, and z > 0.2. In Ref. [13] , the acceptance cut M X ′ > 10 GeV on the invariant mass of the hadronic system X ′ produced in association with the J/ψ meson was imposed in order to exclude the contribution of J/ψ elastic production, which, to a large extent, is due to diffractive processes. Notice that this cut allows for z to be as large as channels, mentioned in Section 2, and, thus, to keep our theoretical predictions perturbatively stable. In the following, we, therefore, use the H1 data with the cut z < 0.9, as presented in Ref. [12] , for comparisons.
In Figs. 3-7 , we confront the measured Q 2 , p 2 T , z, y ⋆ , and W distributions, respectively, with our NRQCD predictions. For comparison, we also show the corresponding CSM predictions. In each case, the theoretical errors, evaluated as explained above, are indicated by the hatched areas. Instead of presenting our theoretical predictions as con-tinuous curves, we adopt the binning pattern encoded in the experimental data, so as to facilitate quantitative comparisons. As for the Q 2 and p 2 T distributions, the experimental data agrees rather well with the NRQCD predictions, both in normalization and shape, while it significantly overshoots the CSM predictions. In the case of the z distribution, the NRQCD prediction, in general, agrees better with the experimental data than the CSM one as far as the normalization is concerned. As for the shape, however, the experimental measurement favours the CSM prediction, while the NRQCD one exhibits an excess at large values of z, which is familiar from J/ψ inclusive photoproduction [15, 16] . As in the latter case, this rise in z is chiefly due to the channels. In the case of the y ⋆ distribution, the NRQCD prediction nicely agrees with the experimental data for y ⋆ < 3, while it appreciably overshoots the latter in the very forward direction. The CSM prediction roughly agrees with the experimental y ⋆ distribution at the endpoints, while it significantly falls short of the latter in the central region. In the case of the W distribution, the experimental data mostly lie in the middle between the NRQCD and CSM predictions, slightly favouring the former. We conclude from Figs. 3-7 that the H1 data [12] tends to support the NRQCD predictions, while, in general, it overshoots the CSM predictions. In Figs. 8 and 9 , we present our NRQCD and CSM predictions for the (p ⋆ T )
2 and y distributions, respectively, although there are no experimental data to compare them with.
At this point, we should compare our numerical results for the cross section of e + p → e + J/ψ + j + X with the ones presented in Table II of Ref. [22] . To this end, we adopt the theoretical input and kinematic conditions from Ref. [22] . Specifically, the authors of Ref. [22] evaluated α (n f ) s (µ) with n f = 4 and Λ (4) = 130 MeV, employed the LO proton PDF set by Glück, Reya, and Vogt [33] , took the NRQCD MEs to be O ψ 3
S
(1) 1 Table 1 . We are unable to determine the source of discrepancy. 
Before the advent of the NRQCD factorization formalism [1] , one of the major moti-vations to study J/ψ inclusive production in ep DIS was to extract the gluon PDF of the proton f g/p (x, M) [24, 25] . In fact, to LO the CSM, the only contributing partonic subprocess is e+ g → e+ cc
is well determined from the partial width of the J/ψ decay to lepton pairs. Furthermore, x is experimentally accessible through the relation
ψ is a plausible choice. To LO in NRQCD, this task is somewhat impeded by the presence of CO partonic subprocesses with quarks or antiquarks in the initial state and by the presently still considerable uncertainties in the CO MEs. We observe from Figs. 3-7 that the CO contributions lead to a dramatic increase in cross section relative to the CSM predictions. In fact, if we consider the total cross section evaluated with the H1 acceptance cuts [12] , then the CSM contribution only makes up 25% of the full NRQCD result. Thus, the present uncertainties in the CO MEs do constitute a serious problem. However, the quark-and antiquark-induced CO subprocesses only yield a minor contribution, less than 5% of the total cross section. Thus, J/ψ inclusive production in ep DIS remains to be a sensitive probe of the gluon PDF of the proton if we pass from the CSM to NRQCD.
Conclusions
We provided, in analytic form, the cross sections of the partonic subprocesses e + a → e + cc[n] + a, where a = g, q, q and n =
J , to LO in the NRQCD factorization formalism [1] . Using these results, we then studied the cross section of e + p → e + J/ψ + j + X in DIS under HERA kinematic conditions and compared various of its distributions with recent H1 data [12] , from which the contribution of elastic J/ψ production was separated by a suitable acceptance cut on z. It turned out that, in general, the experimental data agrees reasonably well with our NRQCD predictions, while they tend to disfavour the CSM ones. However, a familiar feature of J/ψ inclusive photoproduction in ep scattering at HERA [15, 16] carries over to DIS, namely that the cross section predicted to LO in NRQCD exhibits a distinct rise as z → 1, which is absent in the experimental z distribution.
At this point, it is still premature to jump to conclusions concerning the experimental verification or falsification of the NRQCD factorization hypothesis. On the one hand, the theoretical predictions for J/ψ inclusive production in pp scattering at the Tevatron [3, 5] and in ep DIS at HERA are of LO in α s and v, and they suffer from considerable uncertainties, mostly from the scale dependences and from the lack of information on the CO MEs. On the other hand, the experimental errors are still rather sizeable [6, 12, 13] . The latter will be dramatically reduced with the upgrades of HERA and the Tevatron, and with the advent of CERN LHC and hopefully a future e + e − linear collider such as DESY TESLA. On the theoretical side, it is necessary to calculate the NLO corrections to the hard-scattering cross sections and to include the effective operators which are suppressed by higher powers of v.
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A Partonic cross sections
In this Appendix, we present analytic expressions for the coefficients
, and L a [n] appearing in Eq. (13) . In order to compactify the expressions, it is useful to introduce the Lorentz invariants s = 2q · p, t = −2p · p ′ , and u = −2q · p ′ , which are related to the partonic Mandelstam variables by s =ŝ + Q 2 , t =t, and u =û + Q 2 , respectively. In the following, e q is the fractional electric charge of quark q.
e + q(q) → cc
+ q(q):
1 ] + g:
e + g → cc 
1 ,
J . There are six diagrams of the type shown in part (a), two ones of the type shown in part (b), and two ones of the type shown in part (c). There are two more diagrams that are obtained from the diagrams of the type shown in part (b) by replacing the external gluon lines with quark ones. The CS process only proceeds through the diagrams shown in part (a). dσ dp 
